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ON EXTREMAL HOLOMORPHICALLY CONTRACTIBLE 

FAMILIES 

MAREK JARNICKI, WITOLD JARNICKI, AND PETER PFLUG 


Abstract. We prove (Theorem 1.2) that the category of generalized holo- 
morphically contractible families (Definition 1.1) possesses maximal and min¬ 
imal objects. Moreover, we present basic properties of these extremal families. 


1. Introduction. Main results. 

First recall the standard definition of a holomorphically contractible family 
(cf. [Jar-Pfl 1993], § 4.1). A family (^ 0)0 of functions 

do ■ G X G —> K+ := [0, + 00 ), 

where G runs over all domains G C C” with arbitrary n G N, is said to be 
holomorphically contractible if the following two conditions are satisfied: 

• for the unit disc E we get dE{a, z) = msia, z) := a,z £ E, 

• for any domains G C C", D C C™, every holomorphic mapping F : G —> D is 
a contraction with respect to dc and djj, i.e. dDiF{a), F{z)) < dcia, z), a,zGG. 

Let us recall some important holomorphically contractible families: 

• Mdbius pseudodistance: 

c*G{a,z) :=sup{mE{f{a),f{z)) : f G 0{G,E)} 

= snp{\f{z)\:f&0{G,E), /(a) = 0}, 

• higher order Mdbius function: 

ml^\a,z) := sup{|/(z)|^/'' : / G 0{G,E), ordaf > k}, k G N, 

where orda/ denotes the order of zero of / at a, 

• pluricomplex Green function: 

goia, z) := sup{u(z) : u : G —> [0,1), logrt G VSH{G), 

^c=ciu )>0 ^wgg ■ u{w) < G\\w - ajj}, 
where VSTL{G) denotes the family of all functions plurisubharmonic on G, 
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• Lempert function: 

ka{a, z) := inf{mE(A, p) : %(zo(e,g) ■ '/’(A) = a, ip{p) = zj 
= inf{|^| : 3^eO(E,G) '■ ^(0) = a, (p(fi) = zj. 

It is well known that 

cg = ^G < mh ^ 9 g < kc, 

and for any holomorphically contractible family {dG)G we have 

Cq < da < kQ, (*) 

i.e. the Mobius family is minimal and the Lempert family is maximal. 

The Green function gc may be generalized as follows. Let p : G —> M+ be an 
arbitrary function. Define 

9g{p, z) := sup{u( 2 ) : u : G —> [0,1), logw G VSU{G), 

VaeG3c=c(«.a)>oV™6G: uH<C|k-a||P(“)}, zGG; (i) 

obviously the above growth condition is trivially satisfied at all points a € G 
such that p{a) = 0. We have gciO,-) = 1- The function gGiPr) is called the 
generalized pluricomplex Green function with poles (weights) p. Observe that if 
the set IpI := {a G G : p{a) > 0} is not pluripolar, then gG{p, •) = 0. 

In the case where the set \p\ is finite, the function qg(Pg) was introduced by 
P. belong in [Lei 1989]. 

In the case where p = XA = the characteristic function of a set ^ C G, we put 
ffG(zi, •) := PgIxa, •)• Obviously, gG({a}, •) = 9G(a, ■), a e G. 

The generalized Green function was recently studied by many authors, e.g. 
[Car-Wie 2002], [Gom 2000], [Edi 2002], [Edi-Zwo 1998], [Lar-Sig 1998]. 

Using the same idea, one can generalize the Mobius function. For 
p:G-^Z+ := {0,1,2,...} 

we put 

mG{p,z) := sup{l/(z)l : / G 0{G,E), orda/ > p(a), a G Gj, z € G. 

The function ma{p,-) is called the generalized Mobius function with weights p. 
Glearly tog(0,-) = 1. Observe that if the set [p] is not thin, then ma{p,-) = 0- 
Similarly as in the case of the generalized Green function we put mciA,-) := 
mGiXAr), A C G. We get moHa},-) = c(.(a,-), a € G. Moreover, if \p\ = {a} 
and p(a) = k, then mG{p, ) = [^^g ■ 

It is clear that mG{p, ■) < gG{p,-) (for any function p : G —> Z+). Some other 
properties of gG{p, 0 and tog(p, •) will be presented in § 2. 

Gonsider the following definition. 


(1) Here 0° := 1. 
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Definition 1.1. A family d = {dc)G of functions 

dQ X G —>■ M_|_ 

is said to be a generalized holomorphically contractible family if the following three 
axioms are satisfied: 

(E) YlaeEi'^Eia, < dE{p,z) < infa6£;[TOE(a, for every {p,z) G 

RfxE ( 2 ), 

(H) for any F G 0{G, D) and q : D —> ]R_|_ we have doiq, F{z)) < dciqoF, z) 
for every z G G, 

(M) for any p,q : G —> 1R+, if p < q, then dciq, •) < daip, •)• 

If in the above definition one considers only integer valued weights (like in the 
case of the generalized Mobius function), then we get the definition of a generalized 
holomorphically contractible family with integer valued weights. 

Put daiA, •) := dcixA, ■), AcG, dcia, •) := dcHa}, •), a G G. 

One can prove that the generalized Green and Mobius functions satisfy all the 
above axioms (cf. § 2). 

The main result of the paper is the following theorem. 

Theorem 1.2. In the category of generalized holomorphically contractible families 
there exists a minimal and a maximal object. They are given by the following 
formulae: 

dS“(p,z):=sup{ n ■■fGO{G,F)} 

uefiG) 

= sup{ n : / G 0{G, F), /(z) = 0}, 

nef{G) 

d^^^{p,z) :=inf{[^£(a, 2 )]P(“) : a G G} 

= inf{|/x|P(^('^» ■.(pGO{F,G), (p{0)=z, pGF}. 

Observe that if |p| = {a} and p{a) = k, then •) = [ 0 ^( 0 ,-)]^ and 

^max^p^ •) = [kQ{a, •)]^. Moreover, for A C G we get 

dg“(A, z) = sup{ mE{p, fiz)) : f G G(G, F)} 

= sup{ n Ia^I :/GG(G,i:;), f{z)=0}, 
mc/A) 

d^^^^A, z) = inf{fcQ(a, z) : a G A}. 

The function (resp. may be considered as a generalization of the Mobius 

function Cq (resp. Lempert function k^). The proof of Theorem 1.2 will be given 
in § 3. Some properties of d™'" and dQ^^ will be presented in § 4. 


(2) We put riaeA ■= ^(“) '■ B G A, #B < + 00 }, h : A —> [0,1]. 
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2. Basic properties of gc and me- 

Directly from the definitions we conclude that the systems {gG)G and { 1110)0 
satisfy (H) and (M) and the following conditions (to simplify formulations we will 
write do if a given property holds simultaneously for mo and go)'- 

2.1. do{p,-)do{q,') < doip + q,-) < min{dG(p, •), do{q,-)}- In particular, 
goip,-) < inf„eG[5G(a,-)]P(“^ < 

2.2. If the set \p\ is finite, then naeGMG(®’< do{p,-)- 

2.3. go{p, z) = sup{'u( 2 ;) : u : G —s- [0,1), logw e VSH{G), 

u{-) < info6GbG(a ,z &G. 

2.4. mo{p,-) G C(G). 

Proof. The family {/ G 0{G, E) : orda/ > p{a), a G G} is equicontinuous. □ 

2.5. Ifp^O, then for any zq G G there exists an extremal function for mo{p, zq), 
i.e. a function fzo &0{G,E), ordaf >p{a), a&G, and mo{p-, zq) = \fzo{zo)\. 

2.6. \ogdo{Po) &VSn{G). 

Proof. We can argue as in the one-pole case — cf. [Jar-Pfl 1993], §§ 2.5, 4.2. □ 

2.7. IfGk/'G and p^ /' p, then do;,{Pk,z) \ do{p,z), z eG. 

Proof. It is clear that the sequence is monotone and the limit function u satisfies 
u > do{p,-). 

In the case of the generalized Green function, using 2.6, we have u G VSH{G). 
By 2.3 it remains to observe that u{z) < infogG[ffG(a ,z G G (because 
90 k{a,z) \ go{a,z) for every {a,z) G G x G). 

The case of the generalized Mdbius function is simpler and it follows from 2.5 
and a Montel argument. □ 

2.8. go{p, •) = inf{5G(g, ') ' q < P, #\q\ < + 00 }. 

Proof Let u := M{gc{q,-) '. q < P, ff\q\ < + 00 }. Obviously go{p,') < u. By 

2.3, to prove the opposite inequality we only need to show that logu is plurisub- 
harmonic. Observe that go{max{qj^,... ,qj^},-) < min{go{qi, ■),..., go{q no)}- 
We finish the proof by applying the following general result. 

Lemma 2.9. Let {vi)i^A C VS'H{fi) (Q C C”J he such that for anyii,... ,ii^ G A 
there exists an io G A such that Vi„ < min{i;jj,... Then v := infG 

psn{n). 

Proof. It suffices to consider the case n = 1. Take a disc Aa{r) (s 12, e > 0, and a 
continuous function w G C{dAa{r)) such that ic > v on dAa{r). We want to show 
that v{a) < ^ w(a + re^^)d6 + e. For any point b G dAa{r) there exists an 
i = i{b) G A such that Vi{b) < w{b) +e. Hence there exists an open arc I = I{b) C 
dAa{r) with b G I such that Vi{X) < w{X)+e, X G I. By a compactness argument. 
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we find bi,... ,bN G dAair) such that dAair) = U^i By assumption, there 

exists an to G A such that Vi^ < min{uj({,,^),..., Ui(b„)}. Then 

v{a) < Vi„{a) < — / Vig(a + re^^)dO < — / w{a + re^^)d9 + e. □ □ 

271 Jo 27r Jq 

2 - 10 . IlaeG[9Gia,-)]P^^^ < gaip,-)- 

Proof. Use 2.2 and 2.8. □ 

2.11. IfGcC, then gcip, z) =lla&Gi9Gia, z)]P^°-'>, z€G. 

In particular, gsip^z) = naeE[’^-E(a, z G E. 

Proof. By 2.8 we may assume that the set |p| is finite. Now, by 2.7, we may 
assume that G (s C is regular with respect to the Dirichlet problem. Let u := 
riaelpl • Then the function logu is subharmonic on G and harmonic 

on G \ |p|. The function v := logga(p, •) — logu is locally bounded from above in 
G and limsup,,^^ 11 ( 2 ;) < 0, C G dG. Consequently, v extends to a subharmonic 
function on G and, by the maximum principle, v < 0 on G, i.e. gG{p, •) < u on G. 
The opposite inequality follows from 2.10. □ 

2.12. For any function p : G —> Z+ we get 

maiP, •) = inf{mG(g, ■ q ■ G — >Z+, q < p, #|q| < + 00 }. 

In particular, for any function p : E —s- Z+ we have 

msiP, z) = gsiP, 2 ) = n z)]p^‘"\ z G E. 

aeE 

Proof. The case where |p| is finite is trivial. The case where the set |p| is countable 
follows from 2.7. In the general case let A/,. := {a G G : p{a) = k} and let be a 
countable (or finite) dense subset of Ak, k G Z+. Put E := IJ^q Bk, p' ■— p- Xb- 
Then p' < p, the set \p'\ is countable, and mcip,-) = mcip',■)■ Consequently, 
the result reduces to the countable case. □ 

Proposition 2.13 ([Edi-Zwo 1998], [Lar-Sig 1998]). Let G, I? C C” be domains 
and let F : G —> D be a proper holomorphic mapping. Let q : D —> K+. Assume 
that detF'(a) 7 ^ 0 for any aG G such that q{F{a)) > 0. Then 

gD{q,F{z)) = gaiqo F,z), z G G. 

In particular, if B C D is such that det F'{a) 0 for any a G F~^{B), then 

9d{B,F(z)) = gGiF~^{B),z), zGG. 

Corollary 2.14. Let Ai,..., An C E be finite sets. Put 

F{z) := {Fi{zi),...,Fn{zn)), z= {zi,...,Zn) G £^”. 
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Then 

niE’^ (Ai X . . . X An, z) < gE'^ (Ai X . . . X An, z) 

= 6f£;n(0,F(z)) = max{|Fj(zj)| : j = 

= max{TO£;(Xli, Zi), . . . , mE{An, Zn)} 

< mE«iAiX...xAn,z), Z = {Zi,...,Zn)€E^. 

Proposition 2.15 ([Car-Wie 2002]). Let p : E"' —s- K+ be such that jpj = 
{ai,...,aAr} C E x {0}"“^. Put kj := p{aj), j = and assume that 

ki > ■ • ■ > kN. Then 

N 

gE'^{p,z) = Y[uf~''^+"{z), zgE”', 
i=i 

where kN+i '■= 0 and 

Uj{z) : = max{m£;(ai,i,zi)---mE(aj,i,zi), \z2\, ■ ■ ■ ,\zn\} 

= max{TO£;({ai,i, . . . ,Oj,i},Zi), |Z2|, ■ • ■, \Zn\} 

= gE^i{ai,...,aj},z), j = l,...,N. 

Ifki,...,kN& N, then niE’^ip,-) = gE’^iP, ■)■ 

Observe that if fci = • • • = = !> then the above formula coincides with that 

from Corollary 2.14. 

Notice that, even for the simplest case not covered by Proposition 2.15 n = 
N = 2, ai = (0,0), 02 G {Ef,Y, ki = k 2 = 1, an effective formula for gE^{p, •) is 
not known. 

Recall that by the Lempert theorem (cf. [Jar-Pfl 1993], Ch. 8), if G C C" is 
convex, then Cq = k^, and consequently, by (*), all holomorphically contractible 
families coincide on G. The following example shows that this is not true in the 
category of generalized holomorphically contractible families. 

Example 2.16 (Due to W. Zwonek). Let D := {{z,w) G : \z\ + Jw] < 1}, 
At ■■= {{t, \/t), {t,-Vi)}, 0 < t < 1. Then 

moiAt, (0,0)) < goiAt, (0,0)) < (0,0)) 

for small t. 

Indeed, let G := {{z, w) G : \z\ + V\V < 1} let F : D —s- G, F{z, w) := 
(z, w^). Note that E is proper and locally biholomorphic in a neighborhood of At- 
Moreover, At = F~^{t, t). 

Using Proposition 2.13, we conclude that go^At, (0,0)) = gG{{t,t), (0,0)). 
Observe that moiAt, (0,0)) = mG{{t,t), (0,0)). In fact, the inequality ‘>’ 
follows from (H) (applied to F). The opposite inequality may be proved as follows. 
Let / G 0(D, E) be such that /Ja* = 0. Define 

/(z, w) := (l/2)(/(z, Vw) + f{z,-Vw)), (z, w) G G. 
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Note that / is well defined, |/| < 1, = 0, / is continuous, and / is holo- 

morphic on I? H {iw 7 ^ 0}. In particular, / is holomorphic on D. Consequently, 

|/( 0 , 0 )| = 1 /( 0 , 0)1 ( 0 , 0 )). 

Suppose that (0)0)) = goiAt^, (0,0)) for a sequence tk \ 0. Then 

ffG((4,4), (0,0)) = gD{At^,{0,0)) =mD{At^,{0,0)) 

= mciitkAk), (0,0)) < gaiitkAk), (0,0)), fc = 1,2,.... 

Thus mciitk, tk), (0,0)) = gG{{tk,tk), (0, 0)), fc = 1, 2,.... 

Consequently, using [Jar-Pfl 1993], § 2.5, and [Zwo 2000b] (Corollary 4.4) (or 
[Zwo 2000b], Corollary 4.2.3), we conclude that 

7 g(( 0 , 0 );( 1 , 1 ))=Ag(( 0 , 0 );( 1 , 1 )), 

where 7 g (resp. Aq) denotes the Caratheodory-Reiffen (resp. Azukawa) metric of 
G (cf. [Jar-Pfl 1993], §§ 2.1, 4.2). Hence, by Propositions 4.2.7 and 2.2.1(d) from 
[Jar-Pfl 1993], using the fact that D is the convex envelope of G, we get 

2 = hoil, 1) = 7g((0, 0); (1,1)) = Ag((0, 0); (1,1)) = hail, 1) = 

where ho (resp. ha) denotes the Minkowski function for D (resp. G); contradiction. 

To see the inequality g^iAt, (0, 0)) < (^^^^{At, (0, 0)), we may argue as follows. 
We already know that 

2t 

goiAt, (0,0)) = gaiit, t), (0,0)) « gG((0,0), (t, t)) = hait, t) = - - j=, t « 0. 

On the other hand 

d]^^^{At, ( 0 , 0 )) = min{fcj)((t, -Vi), ( 0 , 0 )), fc^((t, Vi), ( 0 , 0 ))} 

= minlhoit,-Vi), hnit, Vi)} = t + Vi- 

It remains to observe that < t + Vi for small t > 0 . 

3—VO 

Let SoiAt, ■) denote the Coman function for D with poles at At, i.e. 

SoiAt, {z, w)) = inf{l/ri/r 2 | : %gO{e,d) ■ 

7>(0) = (z, w), (fVi) = {t, Vi), ip{p. 2 ) = {t,-Vi)}, {z, w) G D, 

cf. [Com 2000]. It is known that ( 7 g(A, •) < ^g(A,’)- Taking 7 )(A) := (A^/4, A/2), 
we easily see that S^iAt, (0, 0)) < At < t + Vi = dfV^iAt, (0,0)), 0 < t <C 1. We 
do not know whether gz){At, (0, 0)) < SniAt, (0, 0)) for small t > 0. 
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3. Proof of Theorem 1.2. 

Step 1. If {dG)G satisfies (H) and 

(E+) dsip, A) < A) = inf{[TO£;(/x, : fi€ E}, (p, A) G Rf x E, 

then dG < dQ^^ for any G. 

The result remains true in the category of contractible families with integer 
valued weights. 

Proof. 

(H) 

dGiP, z) < inf{dE{p o 0) : (/? G 0{E, G), (p{0) = z} 

^ ^ : ip G 0{E, G), (p(0) =z, pGE} 

= d'S^^{p,z), (p,z)gR?xG. □ 

Step 2. The system satisfies (E), (H), and (M). 

Proof. (E) and (M) are obvious. To prove (H) let E : G —> D be holomorphic 
and let q : D —> R.+ . Then 

d^^^iq,Fiz)) = inf{[^l,(&,E(z))]'^W : b € D} 

< inf{[^2j(F(a),E(0))]‘j(^(“» : a G G} 

< : a G G} = z G G. □ 


Step 3. If {dG)G satisfies (H), (M), and 
(E-) A)]P(^) < dsip, A), (p, A) G x E, 

then d™'" < dc for any G. 

The result remains true in the category of contractible families with integer 
valued weights. 

Proof. 

(M) 

dob, z) > sup{dG{q o /, z) : / G G(G, E), q : E —> R+, f{z) = 0, p < q o /} 
(H) 

> sup{d£;(q, 0) : / G G(G, E), q : E —> R+, f{z) = 0, p < q o /} 

^ ^ sup{ n : / e G(G, E),q:E-^R+, f{z) = 0, p < q o /} 

>sup{ n :/gO(G,E), /(z)=0} 

nef{G) 

= d^'''{p,z), (p,z)gR^xG. □ 

Step 4. The system (d™'")^ satisfies (E), (H), and (M). 
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Proof. (E) and (M) are elementary. To prove (H) let F : G —> D be holomorphic 
and let <7 : I? —> IR+. Then 

d™(g,n^))=sup{ n :5eG(F,F)} 

tJ.&g(D) 

^T^sup{ n ■■ f &OiG,E)} 

M6/(G) 

= dg“(goF,z), zGG. □ 

Corollary 3.1. (a) d™'" < ga < and d“'" < me < ga < (for integer 
valued weights). 

(b) di“(p, A) = gsip, A) = A)]p(^), {p, A) € Mf x E. 

(c) dQ™{A, •) = maiA, •) for any A c G. 

Proof, (a) follows from Theorem 1.2. 

(b) Using (a) and 2.11 we get 

n [mE{g, A)]P(^) < d™(p, A) < geip, A) = J] {^e{p, 

(i^E fi^E 

(c) Let A c G. Then 

mG{A,z) > d^^'^{A, z) >snp{ niEig, f{z)) : f G 0{G, E), f\A = 0} 

v&fA) 

= mG{A,z), z G G. □ 

Example 3.2. Let G := |p| = {(-1,0), (i, 0)}, p(-i,0) = 2, p(i,0) = 1. 

Then d™(p, (0, |)) < rriE^ip, (0, i)) (cf. Corollary 3.1(c)). 

Indeed, by Proposition 2.15, 

mE^iiP, (0, i)) = wi(0, 5)112(0, 5) = max{i, i}max{i • 1,1} = i • 1 = 1. 

On the other side: 

ds“(p, (0, |)) 

= max{sup{|/(-i,0)n/(i,0)| : / G G(F2,F),/(0,i) = 0,/(-i,0) ^/(i,0)}, 
sup{|/(0, i)P : / G OiE^E), /(-i, 0) = /(i, 0) = 0}} 

< max{[m£;2((-i,0),(0, i))]2m£;2((i, 0), (0, A))}, 

[m^2({(-i,0),(i,0)},(0,i))n 

= max{[max{i,i}]^max{i,i},[m£;2({-i,i} x {0}, (0, A))]^} 

= maxji, [max{i • A, i}]^} = A. 
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4. Basic properties of d™'" and 

4.1. If D C C™ is a Liouville domain, then 

d'G^D{P,{z,w)) =dg“(p',2), (z,w) gGx D, 

where p'{z) := sup{p(2;, w) : w G D}, z G G, and •) := 0 if there exists a 

Zq G G with p'{zq) = +00. 

4.2. (a) The functions •) and d'ft’^^ip,-) are upper semicontinuous. 

(b) Ifp:G —> Z+, then G C(G). 

Proof, (a) The case of difP^{p, •) is obvious. To prove the upper semicontinuity of 
•), fix a zo G G and suppose that Zfc) —> a > P > zq) 

for some sequence Zk —> Zq. Let fk G 0(G,E) be such that fk{zk) = 0 
n/i6/j,(G) (a*)) —> a. By a Montel argument we may assume 

that fk —A fo locally uniformly in G with /o G 0{G,E), fo{zo) = 0. Since 
n/ie/o(G) can find a finite set A C G such that /o|a is 

injective and OoeA l/o(a)l^^“^ < /?■ Consequently, JlaeA < /? and fk\A 

is injective for 1. Finally, n^6/;,(G) ^G)) < p, k ^ 1; contradiction. 

(b) In view of (a), it suffices to prove that for every / G 0{G,E) the function 
Uf{z) := Y\fj_^f(^G-)[mEip,fiz))Y'^'^^^^^ z G G, is continuous on G. Observe 

that 

Ufiz) =inf{ Y[ [mE{pJ{z))ff^i^'>}, 

AieM 

where M runs over all finite sets M C f{\p\) such that fc/(^) := supp(/“^(/x)) < 
+00, p G M. Thus Uf = infM{|/iM|}, where /im G 0{G,E). Consequently, since 
the family {hM)M is equicontinuous, the function Uf is continuous on G. □ 

Example 4.3. Let p : ExC —> R+, p{^, fc) := ^, fc = 2,3,..., and p{z, w) := 0 
otherwise. Notice that |p| is discrete. Then by 4.1 and Corollary 3.1(b), 

OO 

c^Exc(P. = Y[i'^E{i/k,z)Y^''\ {z,w) G E x C. 

k=2 

In particular, dfjffciP^ 0 i® discontinuous at (0, w) G E x C \ |p|. 

4.4 (Cf. 2.5). Ifif\p\ < +00, then for any zg G G there exists an extremal function 
for dQ™{p, zg), i.e. a function fz^ G 0{G,E) with fzoizg) = 0 and 

n =d^^^{p,Zg). 

(G) 

Proof. Fix a Zq G G and let fk G 0{G, E), fk{zg) = 0 be such that 
afc:= n -^c^-=d’S'^ip,zg). 

fJ'^fk (G) 

Let Ak C IpI be such that fk\Ai, is injective, fk{Ak) = fk{\p\), and p{a) = 
supp(/j:^(/fc(a))), a G Ak. Thus ak = OaeAt l/fe(a)l^^“^- We may assume that 
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Ak = B is independent of k and for any a £ B the fiber Ba := Y^(/fc(a)) H |p| is 
also independent of k. Moreover, we may assume that fk —> /o locally uniformly 
in G. Then /o € 0{G,E), /o(-2o) = 0, and Oaes l/o(o)l^^“^ = Observe that 
fo{B) = /o(|p|). Let Bo C B be such that /o|bo is injective and /o(Bo) = /o(B). 
We have 

M6/o(IpI) p6/o(-Bo) 

= n > n l/o(a)r'“^ =«■ n 

cl^Bq cl^B 

4.5. logdg'"(p,-) e VSn(G). 

Proof. By virtue of 4.2(a), we only need to show that for any / £ 0{G, E) the func¬ 
tion Uf{z) := n^6/(G)[’^s(M) 2 : G G, is log-plurisubharmonic 
on G. The proof of 4.2 shows that Uf = vaiMVM, where vm is a log-plurisub- 
harmonic function given by the formula vm ■= and M 

runs over a family of finite sets as in the proof of 4.2. Observe that vmivjm^ ^ 
min{r!Mn vm^}- It remains to apply Lemma 2.9. □ 

4.6. If Gk / G and Pf. /’ p, then 

doTiPk, \ ^). d^l-{p„z) \ d^^^p, z), z £ G. 

Proof. By (H) and (M) the sequence is monotone and for the limit function u we 
have u > dQ^'^{p, •) (resp. u > dQ^'^{p, •)). Fix a, Zq £ G. 

In the case of the minimal family suppose that u{zo) > a > (i“'"(G, zq)- Let 
fk £ 0(Gk,E) be such that fk{zo) = 0 and n^xe/^CGt) ^G)) —> u{zo). 

By a Montel argument we may assume that fk —> /o locally uniformly in G 
with /o G 0{G,E), foizo) = 0. Since n^.e/o(G) can 

find a finite set A C G such that f\A is injective and OaeA l/o(a)|P(“) < a. 
Consequently, OaeA “ and fk\A in injective for fc 1. Finally, 

II/ie/icCGfc) < a, fc 1; contradiction. 

In the case of the maximal family for any a £ G and e > 0 there exists a 
k{a,e) £ N such that zq, a £ Gk, kQ^{a, zq) < kQ{a, zq) + s, and Pkia) > p{a) — e 
for k > k{a,s). Hence 

inf Zq) = inf [kQ.(a,zo)]'^’=^°'^ 

< inf inf{[fcQ(a, zq) -I- : 0 < £ <C 1, k> k{a, e)} 

a^G 

< inf inf{[fcQ(a, zo)-b : 0 < e <C 1} = dg“(p, zo). □ 

a^G 

Example 4.7. Let G := {z G C” : |z“| < 1}, where a = (ai,...,a„) G N” is 
such that Gi,..., q;„ are relatively prime. Then 

dS“(p,z)=d™(p',z“)= \{[mE{ti,zn]P'<^^\ z£G. 
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where p'(A) = sup{p(a) : a“ = A}, A € B, and := 0 if there exists a 

Ao € -E with p'(Ao) = +oo. 

Indeed, it is known that any function / € 0(G, E) has the form f = g o <P^ 
where <P{z) := and g G 0(E,E) — cf. [Jar-Pfl 1993], § 4.4. Thus 

dg“(p, z) = sup{ n : g € a(E, E)} 

fj,eg(<P(G)) 

= sup{ n lmE(p,g(‘P(z)))r^P'^^~^^^^^ ■■ g G 0{E,E)} = df’^{p',<Piz)). 

H&giE) 


5. Product property. 

Let d = {dG)G be a generalized holomorphically contractible family with integer 
valued weights. We say that d has the product property if 

dGxoiA X B,{z,w)) = max{dGiA,z), doiBjw)}, {z,w)gGxD, (P) 

for any domains G C C", D C C™ and for any sets 0y^AcG, 0y^Bc 
D. Notice that the inequality ‘>’ follows from (H) applied to the projections 
GxD — !■ G, GxD — !■ D. The definition applies to the standard holomorphically 
contractible families and means that 

dGxoiia, b), {z, w)) = max{(iG(a, z), dnib, w)}, (a, b), (z, w) G G x D. 

It is well known that the families (cq)g) {gG)G have the product property 

— cf. [Jar-Pfl 1993], Ch.9, [Edi 1997], [Edi 1999], [Edi 2001]. 

Moreover, it is known that the higher order Mobius functions (toq^)g with 
k > 2 have no product property — cf. [Jar-Pfl 1993], Ch.9. 

Thus it is natural to ask whether the minimal and maximal families have the 
product property. 

Proposition 5.1. The system {dQ^^)G has the product property. 

Proof. Fix {zo, wq) G GxD and e > 0. Let {a,b) G Ax B be such that ^^(a, zq) < 
dQ^^{A, zq) -I-£, kf){b,wo) < dQ^^{B,wo) + e. Then using the product property 
for (%)g, we get 

dcToiAx B,(zo,wo)) <kQ.^jj{{a,b),{zo,wo)) 

= ma.x{kG{a,zo), kfi{b,wo)} 

< max{dG^^iA, zo), d’^^^{B,wo)} + e. □ 

We do not know whether the system (cig“)G has the product property. So far 
we were able to manage only the case where ffB = 1 — see Proposition 5.3. Recall 
that d'Q^'^{A, •) = mG{A, •) — Corollary 3.1(c). 

Proposition 5.2. Assume that for anyn G N, the system {mG)G has the following 
special product property: 

\'E{z,w)\<{max\<E\)max{mG{A,z),mD{B,w)}, {z,w)gGxD, (Pq) 

GxD 
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where G,D C C" are balls with respect to arbitrary C-norms, A C D, B C G are 
finite and non-empty, W{z,w) := and S'Iaxs = 0. Then the system 

(wg)g has the product property (P) in the full generality. 

Moreover, if (Pq) holds with 4fB = 1, then (P) holds with fj=B = 1. 

Proof. (Cf. [Jar-Pfl 1993], the proof of Th. 9.5.) Fix arbitrary domains G C C", 
D C C™, non-empty sets A C G, B C G, and (zq, wq) G G x D. We have to prove 
that for any F G 0(G x D, E) with F|axb = 0 the following inequality is true: 

|F(zo,i«o)| < m.ax{mG{A, zo),mD{B,wo)}. 

By 2.12, we may assume that A, B are finite. 

Let be sequences of relatively compact subdomains of G and 

D, respectively, such that A U {zq} C Gi^ y' G, B U {wq} C y' D. By 2.7, it 
suffices to show that 

17^(20, wo)| <max{mG,,{A,zo),mD„iB,wo)}, p > 1. 

Fix a r'o G N and let G' := G^o, D' := 

It is well known that F may be approximated locally uniformly in G x D by 
functions of the form 

Ns 

Fs{z,w) = ^fs,f,iz)gs,f,iw), {z,w)gGxD, (**) 

fi=i 

where € G(G), gs./x € 0{D), s > 1, p = l,...,Ns. Notice that F^ —> 0 
uniformly oti A x B. Using Lagrange interpolation formula, we find polynomials 
Pg : C” X C™ —> C such that Pgl^xB = .^sUxb and Pg —> 0 locally uniformly in 
C"xC'". The functions Fg := Fg — Pg, s > 1, also have the form (**) and Fg —> F 
locally uniformly in G x F. Hence, without loss of generality, we may assume that 
FgjAxB = 0, s > 1. Let TOg := max{l, ||Fg||G'xB'} and Fg := Fg/nig, s > 1. Note 
that mg —> 1, and therefore Fg —> F uniformly on G' x D'. Consequently, we 
may assume that Fg(G' x D') (s F, s > 1. 

It is enough to prove that 

|Fg(zo,wo)| <m.ax{mG'{A,zo),mD’{B,wo)}, s > 1. 

Fix an s = So G N and let N := Ng„, := /g^^^, := ^ = 1,... ,7V. Let 

/ := (/i,..., /^) : G and 5 := (ffi ,..., pn) ■■ D ^ . Put 

I^mI < II/mIIg', tJ-=l,...,N, |F(^,5(u;))| < 1, w G D'}. 

It is clear that K is an absolutely convex compact subset of with f{G') C K. 
Let 

L-.= {ri= fqi,... ,riM) G : 

\'nu\ < hnWoG h= |'F(^,?7)| < 1, ^ G K}. 

Then again L is an absolutely convex compact subset of C^, and moreover, 
g{D') C L. 
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Let (VLcr)^i (resp. (14)^1) be a sequence of absolutely convex bounded do¬ 
mains in such that Wcr+i <e hho- and Wcr \ K (resp. t4+i V„ and V„ \ L). 
Put Mcr := ||!f'||w„xy„, cr G N. By (Pq) and by the holomorphic contractibility 
applied to the mappings / : G' —> Wcr, g : D' —> 14 we have 

|p;o(2:o, wo)| = \^{fizo),g{wo))\ 

< max{TOu/„ {f (A), f (zq)), mva{g{B), g{wo))} 

< max{mG'(/"^(/(^)), zo), mD'{g~^igiB)),wo)} 

< M^meLyi{mG'{A, zo),mD'{B,wo)}. 

Letting a —> -foo we get the required result. □ 

Proposition 5.3. The system { 1110)0 has the product property (P) whenever 
^B = 1, i.e. for any domains G C C", D C C™, for any set A C G, and 
for any point b € D we have 

moxoiA X {b}, {z, w)) = max{mG(^, z), moib, w)}, {z, w) e G x D. 

Proof. By Proposition 5.2, we only need to check (P) in the case, where D is a 
bounded convex domain, A is finite, and B = {6}. Fix {zo,wo) G G x D. Let 
If : E —> be a holomorphic mapping such that i^(0) = b and (p{mD{b,wo)) = 
Wo (cf. [Jar-Pfl 1993], Ch. 8). Consider the mapping F : G x E —s- G x D, 
F{z,X) := {z,(p{X)). Then 

moxoiA X {b}, {zo, Wo)) < moxsiA x {0}, (zq, rnaib, wq)))- 

Consequently, it suffices to show that 

wgxb(^ X {0}, (zo. A)) < max{mG(xl,zo), |A|}, XeE. (f) 

The case where mo{A,zo) = 0 is elementary: for an f G 0{G x E,E) with 
/Ux{o} = 0 we have /(2:o,0) = 0 and hence 1/(20, A)| < |A|, X G E (by the 
Schwarz lemma). Thus, we may assume that r := mo{A, zo) > 0. First observe 
that it suffices to prove (f) only on the circle |A| = r. Indeed, if the inequality holds 
on that circle, then by the maximum principle for subharmonic functions (applied 
to the function moxsiA x {0},(zo,-))) it holds for all |A| < r. In the annulus 
{r < |A| < 1} we apply the maximum principle to the subharmonic function 
A —> ■|^mGxE(xl X {0}, (20, A)). 

Now fix a Ao G i? with |Ao| = r. Let / be an extremal function for mo{A, zo) 
with f\A = 0 and /( 20 ) = Aq. Consider F : G —> G x E, F{z) := ( 2 , f{z)). Then 

maiA X {0}, (20, Aq)) < mo{A, zo) = max{moiA, zq), |Ao|}, 

which completes the proof. □ 
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